Abstract. In this paper, we study a class of neutral partial functional integrodifferential equations with finite delay in Banach spaces. We are interested in the global existence, uniqueness and regularity of solutions with values in the subspace D(A). The method used are based on Banach's fixed point theorem and on the technique of the graph norm. In our work the nonlinear term is treated as a perturbation of the linear equation. As an application, we consider a diffusive neutral partial functional integrodifferential equation.
INTRODUCTION
Since Volterra's pionneering works on integrodifferential equations with delayed effets in population dynamics and materials with memory, the theory of delay differential equations progressed dramatically stimulated by the developpment of functional analysis and its numerous real world applications, wherever (in physics, chemistry, biology, medecine, economy etc, see e.g, [16] ) the evolution of a process depends on its history in an essentiel way. In recent year, the theory of integrodifferential equations with delay has been studied deeply in the literature.
For more details, we refer to [2] , [3] , [5] , [6] , [7] , [8] , [9] , [10] , [17] and the references therein.
In this paper, we are interested in the existence and regularity of solutions for the following neutral partial functional integrodifferential equation with finite delay For u ∈ C ([−r, 0]; D(A)) and for every t ≥ 0, the history function u t ∈ C is defined by
In the case where B = 0 and A is the infinitesimal generator of a strongly continuous semigroup, the mild solution of Eq.(1.1) is given by the following variation of constants formula
Our work is motivated by [23] , where the author proved the existence of mild and strict solutions for a partial functional integrodifferential equation in the following from
The goal of this work is to extend this problem to neutral type equations and to discuss the existence and regularity results of solutions for Eq.(1.1) by using the semigroup theory. The result obtained is a generalization and a continuation of our first work, see reference [9] and [23] .
The paper is organized as follows. In Section 2, we recall some preliminary results of Eq.(1.3).
In Section 3, we study the existence of mild solutions for the neutral system (1.1) using the theory of semigroup and Banach's fixed point theorem. Sufficient conditions for the existence of mild and strict solutions are also established. Finally, we present in Section 4 an example which illustrates our results.
PRELIMINARY RESULTS
In this section, we recall some notions and results that we need in the following. Throughout the paper, E is a Banach space, A : D (A) ⊂ E → E is closed linear operator which generates a c 0 -semigroup (T (t)) t≥0 on E. For more details, we refer to [20] . Recall that for such a semigroup, there exists M > 0 and ω ∈ R such that (2.1)
where |T (t)| is the norm of the bounded linear operator T (t) .
We denote by Y the space D(A) equipped with the graph norm defined by
It is well-known that D (A) equipped with norm |·| D(A) is a Banach space. 
(ii) u satisfies Eq.(1.3) for all t ≥ 0. 
MAIN RESULTS
In this section, we prove the global existence, uniqueness and regularity of the solution to
Eq.(1.1). Firstly, we show the existence and uniqueness of the mild solution. Secondly, we
give sufficient conditions ensuring that the mild solution is a strict solution of the problem, in the sens of the following definition.
3.1. Global existence of mild solutions. if the following conditions hold
Remark 3.2. Form this definition, we deduce that u(t) ∈ Y and the function s
is integrable on [0,t] for the every t ≥ 0.
From Proposition 2.3 we have the following. To establish the existence of the mild solution, we assume that the following conditions are satisfied. 
∂t (t, u) exists and is continuous from R + ×Y into E, moreover there exist continuous and increasing functions b : R + → R + and c : R + → R + such that:
for all t ∈ R+, and u, v ∈ Y. Proof. We define the set 
Consider the operator P :
The first step is to show that P(
For the next, we need the following result from [18, p.486].
Lemma 3.7. Let k : [0,t 1 ] → E be continuously differentiable, and q be defined by
Then q(t) ∈ Y, for every t ∈ [0,t 1 ], q is continuously differentialble, and
By virtue of the hypothesis we have on B, by Lemma 3.7, for u ∈ Y, we have
Using (2.2), thus, for u ∈ N t 1 (ϕ), Pu and APu are both continuous from [0,t 1 ] to E, and so P maps N t 1 (ϕ) into itself.
Hence, in order to apply Banach's contraction principle, it remains to prove that P is a contraction on N t 1 (ϕ) with respect to a suitable graph norm. To show this, consider two arbitrary functions u, v ∈ N t 1 (ϕ) and any t ∈ [0,t 1 ]. Using (2.1), we have
Without loss of generality, we assume that w > 0. By (H 1 ) and (H 2 ), we obtain that From (3.4) and (3.5), we have using (2.2) Then
and finally
If we choose t 1 small enough and
, then P is a strict contraction in N t 1 (ϕ) and by applying Banach's fixed point theorem, we deduce that there exists a unique fixed point u = u(., ϕ) for P in N t 1 (ϕ), which implies that 
where h : [0,t 1 ] −→ E, is continuous. 
(ii) u satisfies Eq.(3.6) for all t ≥ 0.
Proposition 3.9. [21] . If u is a strict solution of Eq.(3.6), then u is given by
The next Theorem provides sufficients conditions for the regularity of solution to Eq.(3.6).
Theorem 3.10. [21] . Let A be the infinitesimal generator of a C 0 -semigroup (T (t)) t≥0 . let h ∈ L 1 (0,t 1 ; X) be continuous on [0,t 1 ] and let
The Eq.(3.6) has a strict solution u on [0,t 1 ] for every x ∈ D(A) if one of the following conditions is satisfied;
(2) v(t) ∈ D(A) for 0 < t < t 1 and Av(t) is continuous on [0,t 1 ].
• If Eq.(3.6) has a strict solution u on [0,t 1 ] for some x ∈ D(A) then v satisfies both (1) and (2).
From Theorem 3.11 we dram the following useful Lemma.
Lemma 3.11. [21] . Let A be the infinitesimal generator of a c 0 -semigroup
then for every x ∈ D(A) the Eq.(3.6) has a strict solution u on [0,t 1 ].
Now we give some sufficient conditions for the existence of a strict solution. To do this, we suppose the following condition on G. we posit h(t) = t 0 B(t − s, g(s, u s ))ds + F(t, u t ) for t ≥ 0. Proof. It is just a consequence of Theorem 3.10.
Here
We show that v satisfies the following two conditions
Based on the formula (3.1) we have: v(t) = u(t) − T (t)g(0, ϕ) − G(t, u t ) is differentiable for t > 0 as sum of three differentiable functions and
On the other hand, it is easy to verify for h > 0 the identify (3.8)
From the continuity of k and F it is clear that the second therm on the right-hand side of (3.8)
follows from (3.8) that v(t) ∈ Y for 0 < t < t 1 and
is differentiable from the right at t and 
Application
To illustrate the previous results, we consider the following reaction diffusion model of neutral type (4.1) We suppose that
(ii) There exists a constant L δ and L f such that Consequently, the conditions of Theorem 3.6 are fulfilled. Then, we obtain the following result. 
